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Interpretation and Improved Solution Approach for
Ill-Conditioned Linear Equations

I. U. Ojalvo* and T. Tingf
University of Bridgeport, Bridgeport, Connecticut 06601

A simple method for obtaining physically realistic solutions to ill-conditioned or singular algebraic systems of
linear equations is proposed and interpreted on both physical and mathematical grounds. Solutions obtained by this
method are very close, and sometimes identical, to those obtained by the singular-value decomposition method, but
are much simpler and more computationally efficient. The relationship of the method presented here, which we call
epsilon-decomposition, to singular-value, Bayesian estimation and Levenberg-Marquardt methods for nonlinear
parameter computations, is also presented.
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Nomenclature
= elements of a matrix
= identity matrix
= residual vector
= parameters (or solution) of mathematical model

of physical system
= starting estimate of mathematical model

parameters
= sensitivity matrix
= modal matrix corresponding to nonzero

eigenvalues
= analytically determined solution vector
= experimentally determined values
= diagonal eigenvalue matrix
= {r-r0}
= {Ye-Ya}

£ = small parameter used to improve numerical ill
conditioning

$ = function to be minimized
[ ]T = transpose of matrix
[ ] ~ ! = inverse of matrix

Introduction

THIS work concerns itself with an efficient method of
obtaining physically realistic solutions to ill-conditioned

or singular algebraic systems of linear equations. Such equa-
tions may arise from numerical scaling problems, data insuffi-
ciency, or poorly defined systems occurring in complex
optimization, correlation, and mathematical model studies.
For example, suppose we have failed to obtain sufficient
independent test data to uniquely define all the unknown
parameters of a physical system for which an analytical model
exists, or perhaps we have failed to adequately normalize or
scale the parameters of a system so that the magnitudes of the
parameters sought are many orders of magnitude apart (e.g.,
the stiffness of a metal part vs its thickness). The resulting
equations, under these circumstances, will generally lead to ill
conditioning.

In this paper it is assumed that "reasonable" estimates of
uncertain parameters are available despite the insufficiency of
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properly scaled and independent data. The method of singu-
lar-value decomposition has been proposed as a procedure for
dealing with such systems. However, this approach requires a
solution for all the nonzero eigenvalues (and their eigenvec-
tors) of the coefficient matrix. This can become a very lengthy
procedure if the rank of the matrix is large. We shall propose
a much simpler numerical scheme, which is based on solving
a similar but improved-conditioned system of equations. We
have called this procedure epsilon-decomposition.

Mathematically stated, let m be the number of linear equa-
tions and n the number of unknown parameters. If there is
insufficient data to competely define the model, this condition
yields a matrix with rank deficiency of at least n — m. Alter-
nately, m may be greater than «, but the resulting n x n
least-squared-error system may still be ill conditioned.

It will be shown, subject to a reasonable solution-estimate
assumption for the uncertain parameters, that a new ap-
proach to solve systems of the types described is possible.
Furthermore, a mathematical basis for this approach will be
provided as well as a physical and geometrical interpretation
of the solution procedure suggested.

Problem Statement
Given a physical system with m pieces of experimental data

{ Y e } , n uncertain parameters {r}, and the assumption that an
analytical model exists. Let the analysis model consists of n
estimated parameters (r0), and assume that this model yields
the numerical solution values {YC(}.

It is desired to determine the "best" fit of parameters {r} so
that \{Yt, — Ya}\ is a minimum. That is, we wish to minimize
the residual squared of a one-term Taylor approximation

where the residual {R} is the Taylor series remainder plus
experimental error. This equation is rewritten as

(0

where {AY} = {Y t . - Y(l}, {Ar} = {r - r()} and the m x n sen-
sitivity matrix [S] is then defined as

rcn ^{Ya}
L J 3{r}

If m > n, there are more data than parameters, and we shall
seek a least-error-squared solution, i.e.,

minimize 4> = {/?}'''{/?}
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or By Eq. (4)

d{r}

which leads to the n equations

- = {0}

(2)

If m <n, [STS] is singular. Then there are an infinite
number of solutions, and it is not clear which one to use.

Let us pursue the first case (i.e., m > n). If [STS] is numer-
ically invertible, then a least-error-squared solution is possible
by efficient Cholesky (triangular) factorization of [STS] into
[LL *] and subsequent forward and backward substitution.
However, even if n is only moderately large, a solution can
become difficult due to ill-conditioning. Also, if the rank of
[STS] is less than n, factorization is not possible.

One possible approach to these problems is to use the
singular-value decomposition solution approach.1 This tech-
nique requires obtaining all the q ( < n) nonzero eigenvalues
[/] of [STS] and the corresponding n x q modal matrix [U].

The pseudoleast-error-squared solution is then given by

(3)

since [ S T S ] ~ l is replaced by [U][X\~l [U]T, where

[STS](U]=[U][X\ and [U^U] = [/]

Epsilon Decomposition
The previously discussed solution approach is laborious

since it requires the solution of [U] and [/]. A much simpler
alternative procedure is as follows. Pick a small value e, and
set

[STS]=[STS]+s[I] (4)

such that [STS] may be efficiently factored into [LL7] where
[L] is a lower triangular. This is then used to solve

.e., =
Next, decrease £ until the elements of_{Ar} approa_eh

asymptotic values or the factorization of [STS] into [LL7]
breaks down due to ill-conditioning.

This method has been termed a Levenberg-Marquardt
method by Luenberger,2 who considers it to be a modification
of Newton's method and steepest descent (see pp. 225-227 of
Ref. 2). However, neither Levenberg nor Marquardt consid-
ered this as a method for solving ill-conditioned systems of
equations, but rather thought of it as a method for stabilizing
iterations for nonlinear systems,

We shall attempt to give some insight into why this method
works from both a mathematical and physical view point and
its relationship to singular-value decomposition. This will
then lead us to a more direct solution approach when m < n
and will give us an alternate interpretation of Bayesian esti-
mation3 techniques as well.

Consider the two degree-of-freedom example with m = 1,
where

[S]=[a b]

therefore,

and

[STS] [a2 ab~]
~[_ab b2]

"

ab
ab

and so

[STS\~l=-
1 -ba

Therefore, the least-error-squared solution becomes

or

{Ar} = lim {Ar} = lim
K -> 0 K -» 0

A geometrical interpretation of this solution shows that the
ideal solution occurs for the point on the line [S]jArj = J A 7 J ,
which is closest to the origin (see Fig. 1).

Note, if £ ̂  0, then the solutions fall short of this ideal
point.

A comparison of our proposed epsilon-decomposition ap-
proach for this same problem, with the method of singular-
value decomposition yields the identical result but through
different computational steps as follows.

The nonzero eigenvalue /I of [STS] is k=a2 + b2 and its
corresponding normalized eigenvector {U} is

Thus, the pseudoinverse of [STS], called [SrS]~'> here, is
given by

\a2 ab~\
l[ab b2\

This does not yield [/] when multiplied by [STS]. However,
it does yield the same solution for {Ar} as epsilon-decom-

Ar2

b&y

0 a Ay J t
"" 2 + b2 I

Fig. 1 Geometric interpretation.
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position (as e approaches zero), i.e.,

fl A

The similarity of epsilon-decomposition with singular-value
decomposition for very small £ may be established through a
comparison of the modal expansions of [STS] and [STS], i.e.,
compare

[U]T[U] =

with [SrS] and its inverse

[STS]=[Om+s[I])(U]T

and

Thus, epsilon-decomposition would seem to give accurate
results as long as £ is small compared to the smallest nonzero
eigenvalue of [STS].

Geometrical Interpretation
The previous equations suggest that an n degree-of-freedom

solution approach should not only minimize the sum of the
equation residuals squared, but should also minimize the
distance on this line to the origin of {Ar} space, i.e.,

minimize $ = {R}T{R} + e{Ar}r{Ar}

which leads to

or

([STS} (5)

If [STS] is not ill-conditioned, simply set £ to zero in Eq. (5)
and solve by [LL7] decomposition._However, if it is ill condi-
tioned, chose an £ and solve by [LL7] decomposition. Keep
reducing £ unitl the solution asymptotes, or this type of
factorization breaks down numerically.

The choice of selecting a starting £ is arbitrary as a practical
matter, but the two degree-of-freedom example suggests that
£ should be small compared to the trace of [5rS]. However, it
is dangerous to generalize in such matters. One may, of
course, obtain the smallest nonzero eigenvalue of [STS] and
chose £ so that it is very small compared to it but not so small
as to cause numerical problems during numerical decomposi-
tion.

Numerical Application
A finite element model for a cantilevered beam containing

28 beam elements of distinct area moments of inertia about
the Z axis (Izz) was selected for numerical application of the
proposed method. This original set of 28 sectional properties
was perturbed slightly from their baseline values to generate
simulated test data. The results of a modal analysis for the
perturbed model were then used to represent a set of experi-
mental modal data. Ten eigenvalues corresponding to natural
bending modes about the Z axis were selected as the elements
of the experimental data vector {Ya}. Thus, the design sensi-
tivity matrix [S], computed by any one of the methods in
Refs. 4 or 5, was a 10 x 28 matrix. The correlation problem,
therefore, yielded an undetermined problem, which is nor-
mally solved by the minimum "norm" solution for {Ar}, i.e.,

(6)

In this case [SS*] becomes a 10 x 10 nonsingular matrix. As
long as [SS*] is not singular, Eq. (6) will yield the minimum
change solution for {Ar}. If we try to solve the problem by
the least-squares method, i.e.,

(7)

the lower-upper LU decomposition of the 28 x 28 matrix
[STS] will break down due to its being singular.

However, Eq. (7) may be easily solved using the epsilon-
decomposition approach, i.e.,

(8)

The LU decomposition of ([SrS] 4- £[/]) is valid for a large
range of £_yalues, and it will be shown that the approximate
solution {Ar} of Eq. (8) is "close" to the "minimum change"
solution, {Ar*} of Eq. (6).

Table 1 presents a comparison of the minimum_ change
solution {Ar*} with the approximate solutions {Ar} for a
wide range of £ values. For the sake of brevity, only six of the
28 parameter changes are shown in Table 1.

Table 1 shows clearly that when the £ chosen is relatively
small, say, smaller than 1 x 10~~4 in this case, that epsilon-
decomposition provides a good practical minimum change
solution. There is also an indication that if £ is made too
small, the quality of the approximation begins to deteriorate
prior to decomposition breakdown. For this example, the LU
decomposition broke down at approximately £ = 1 x 10~18,
and some errors approached 10 to 15% when £ = 1 x 10~17.
It is believed that this breakdown was caused by the finite
precision of the computer.

Physical Interpretation of Proposed Procedure
Strictly speaking, the unique solution of an ill-conditioned

system of equations is nonsense. What we have shown is that
a unique solution is possible if an additional condition is
introduced, in the form of a constraint, upon the minimiza-
tion problem; namely, that the solution must not only satisfy
the original m equations in a least-squared-error sense, but if

Table 1 Typical solutions { A r } vs e for 6 of the 28 variable changes for a cantilever beam problem

Param. number l.EO \.E-2 \.E-4 l.E-8 l.E-16 l.E-17

2
7
12
17
22
27

0.00462
-0.00225
0.00597

-0.00695
0.00719

-0.00774

0.00010
-0.00004
0.00005

-0.00001
0.00009

-0.00009

0.00337
-0.00131
0.00340

-0.00400
0.00439

-0.00561

0.00460
-0.00224
0.00592

-0.00690
0.00714

-0.00771

0.00462
-0.00225
0.00594

-0.00695
0.00719

-0.00774

0.00455
-0.00220
0.00594

-0.00694
0.00726

-0.00781

0.00433
-0.00190
0.00581

-0.00705
0.00797

-0.00766
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the resulting n x n system is ill conditioned, then the proper
solution should be the one that is closest to the initial
mathematical model. This latter condition is sufficient to
uniquely determine the solution in most cases. In our mini-
mization formulation, epsilon represents a weighting of the
closeness-to-the-origin constraint, \{r — r0}\ = min, relative to
the size of the ra-equation residual \{R}\ minimization. Thus,
if we wish to minimize \{R}\, £ should be made as small as
practically possible while still delivering a unique solution.

Physically speaking, our approach implies that the initial
solution guess {r0} is reasonable and that if the formulation
leads to some insufficiency in uniquely defining the system
(i.e., an ill-conditioned [STS] matrix), then the criterion of
closeness of {r} to {r0} should be imposed to uniquely define
the system. By making e as small as is practical, we are simply
weighting this closeness of {r} to {r0} condition as secondary
to the least-squared-error criterion. Viewed in this way, we
may consider a different weighting of the various parameters
{r} through the diagonal weighting matrix [Wr]. Continuing
with this concept for the various residuals {R} as well,
through the weighting matrix [WY], we arrive at a Bayesian3

formulation, i.e., to find the minimum of O where <I> is given
by

* = [ R \ T [ W Y } [ R \ + lr-r0}TlWr](r-r0]

Thus, £[/] may be thought of as an {r — r0} weighting
matrix in Bayesian estimation.

Conclusion
We have presented a new numerical technique for solving

ill-conditioned systems of equations that does not rely upon
computation of the system's nonzero eigenvalues and eigen-

vectors (as is necessary with singular-value decomposition).
We have named this new technique epsilon-decomposition.

While others have proposed this same or similar proce-
dures, it is felt that we have given it a more formal and less
heuristic derivation. In addition, we have supplied a physical
interpretation that gives insight into the results that this
method produces as well as its relation to Bayesian estimation
methods.

The work described is useful for mathematical modeling
and optimization studies in which complex and insufficient
information regularly result in underdetermined and ill-condi-
tioned systems of linear algebraic equations. In addition, the
requirement of a reasonable starting guess is also often met.
Therefore, the present work should have broad applicability.
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